Introduction
In this paper we prove the continuity of K-theory with finite coefficients for a complete regular local F p -algebra (R, m), provided that the residue field k = R/m is a finite extension of the subfield k p . This restriction on the residue field is very mild. If t 1 , . . . , t d is a k-basis of m/m 2 , then R = k[[t 1 , . . . , t d ]], and more generally, we prove the following theorem.
Theorem A. Let A be a regular local F p -algebra and assume that A is finitely generated as a module over the subring A p . Let R = A[[t 1 , . . . , t d ]] and let I ⊂ R be the ideal generated by t 1 , . . . , t d . Then the canonial map
becomes a weak equivalence upon p-completion.
On the level of homotopy groups, the theorem spells out to a natural short exact sequence for the K-groups with Z/p v -coefficients, 0 → lim
becomes a weak equivalence after p-completion. To this end, we compare the Ktheory spectra to the corresponding topological cyclic homology spectra via the cyclotomic trace, K(R, I) / / TC(R, I; p) holim s K(R/I s , I) ∼ / / holim s TC(R/I s , I; p).
In this diagram, the lower horizontal map is a weak equivalence by [14] . A theorem of Popescu states that every regular F p -algebra is a filtered colimit of smooth F palgebras, [15] , [17] . This implies that the results of [4] and [5] , proved originally for smooth F p -algebras, are valid, more generally, for regular [11] , and the composite K q (R, I; Z p ) → TC q (R, I; p) → W Ω q R maps the p-adic K-group isomorphically onto the kernel of 1 − F . We prove the following result which is also interesting in its own right. The proof uses the corresponding result, proved in [6] , for polynomial rings, and the extension to power series rings was inspired by [12] .
Theorem B. Let A be a noetherian F p -algebra and suppose that A is finitely generated as an A p -module. Then every element ω A . Here I p is the set of positive integers prime to p.
Using this result, we prove, by induction on the number of variables, that in the sequence above, 1 − F is surjective. It follows that the cyclotomic trace induces an isomorphism
, and, finally, we show that also the map TC(R, I; p)
is a weak equivalence. Unless otherwise stated, A will always denote an F p -algebra, R the power series algebra A[[t 1 , . . . , t d ]], and I ⊂ R the ideal generated by t 1 , . . . , t d . Moreover, for a limit system X α , we write lim α X α for the (inverse or projective) limit.
The majority of the work reported here was done while the authors were visiting the University of Tokyo. It is a great pleasure to thank the university, and in particular, Kazuya Kato and Takeshi Saito for their hospitality and for providing a stimulating environment.
1. Continuity and topological cyclic homology 1.1. Let A be a regular F p -algebra, finitely generated as a module over the subring A p , and let R and I ⊂ R be as in the introduction. In this paragraph, we show that the canonical map
is a weak equivalence. We briefly recall the definition of TC(R; p), refering the reader to [7, §1] for a fuller discussion. The spectrum TC(S; p) is defined as the homotopy fixed points of an operator called Frobenius on another spectrum TR(S; p), so there is a natural cofibration sequence TC(S; p) → TR(S; p)
. The spectrum TR(S; p), in turn, is the homotopy limit of a pro-spectrum TR · (S; p), and there are maps of pro-spectra
The spectrum TR 1 (S; p) is the topological Hochschild homology T (S). It has an action by the circle group T and the higher levels in the pro-system by definition are the fixed sets of the cyclic subgroups of T of p-power order,
The map F is the obvious inclusion and V is the accompanying transfer. The structure map R in the pro-system is harder to define and uses the so-called cyclotomic structure of T (S). There is a natural cofibration sequence
and this in turn gives rise to the spectral sequence
. In particular, if π t X vanishes for t < m, then the map induced from the inclusion
is an isomorphism for n ≤ s + m. Now consider the following diagram
Since G is finite, we can choose EG such that E s G is a finite CW complex, for all s ≥ 0. This implies that the left hand vertical map is a weak equivalence. (One way to see this is to use that E s G + has a dual.) Moreover, the horizontal maps induce isomorphism of homotopy groups in degrees less than m. (The assumption that π t X n vanishes for for all n ≥ 1 if t < m implies that π t holim n X n vanishes for t < m − 1.) Hence the right hand vertical map will induce an isomorphism of homotopy groups in degrees less than s + m. But this is true for all s ≥ 0, so the right hand vertical map is a weak equivalence.
Let S be a ring and let J ⊂ S be an ideal, and assume that the canonical map T (S)
Proof. We show inductively that the canonical map
is a weak equivalence, the basic case n = 1 given by assumption. In the induction step, we must show that the canonical map
is a weak equivalence. But this map factors
and the right hand map is an equivalence by lemma 1.2.1. The left hand map is an equivalence since the group homology spectrum preserves weak equivalences. The proposition follows since homotopy limits commute. (Forming the mapping fiber is also a homotopy limit.)
1.3. We show in proposition 1.3.5 below that if A is a regular F p -algebra which is finitely generated as an A p -module, then
The proof is based on a series of lemmas.
Lemma 1.3.1. Let S be a ring and J ⊂ S an ideal. Then the canonical map 
the left hand vertical map is zero, and this, in turn, shows that the the map of the statement is a pro-isomorphism.
, and let J ⊂ S be the ideal generated by t 1 , . . . , t d . Then the canonical map
is a pro-isomorphism.
Proof. Let J s ⊂ S be the ideal generated by t
where [m] denotes the largest integer ≤ m. It follows that in the diagram
the vertical maps are pro-isomorphisms. Hence, we may instead show that the lower horizontal map is a pro-isomorphism. The rings S and S/J s are pointed monoid algebras in the sense of [10, §7] and their topological Hochschild homology is therefore given by loc. cit. theorem 7.1. Indeed, we show that in the diagram
the left hand vertical map is an isomorphism, and the right hand vertical map a pro-isomorphism. Since lemma 1.3.1 implies that also the lower horizontal map is a pro-isomorphism, the lemma will follow. For the ring S, we get a weak equivalence
where the second smash factor on the left is the cyclic bar-construction of the d-fold smash product of the pointed monoid Π ∞ = {0, 1, t, t 2 , . . . }. Moreover, the cyclic bar-construction decomposes as wedge sum
It is proved in [5, lemma 3.1.6] that N cy (Π ∞ , 0) = S 0 and that for i > 0, there is a (T-equivariant) deformation retract
where T and C i denotes the circle group and the cyclic subgroup of order i, respectively. On homotopy groups in degree q, this shows that for i > 0,
is an isomorphism. The description of the topological Hochschild homology of the ring S/J s is completely parallel: there is a natural equivalence
where Π s is the pointed monoid {0, 1, t, . . . , t s−1 }, t s = 0. The (T-equivariant) homotopy type of the spaces N cy (Π s , i) was determined in [9, theorem B] . In particular, the natural projection
is a homeomorphism, for i < s, and for i = s, there is a cofibration sequence
On homotopy groups in degree q, the latter gives rise to a short exact sequence
It follows that the map
is injective and that the cokernel C * s only involves the summands (i 1 , . . . , i d ) where
induces an isomorphism on homotopy groups in degrees ≤ q. It follows that in degree q, the map of cokernels Cs+1 → C q s is zero.
Remark 1.3.3. It would be interesting to determine if, generally, given a ring S and an ideal J ⊂ S, the canonical map
is a pro-isomorphism. The analogous question for ordinary Hochschild homology, apparently, has also not been settled.
Proof. Let S be the polynomial algebra A[t 1 , . . . , t d ] and let J be the ideal generated by t 1 , . . . , t d . Then, since S/J s ∼ − → R/I s , the map of the statement may be identified with the lower horizontal map in the diagram
In this diagram, the left hand vertical map is a pro-isomorphism by lemma 1. 
is an isomorphism, and the derived limit lim
Proof. We consider the following diagram
where the upper and lower horizontal maps are isomorphisms by [5, theorem B] and lemma 1.3.4, respectively. We must show that the canonical map
is an isomorphism. But this may be written as the composite
where the right hand map is an isomorphism by lemma 1.3.1. Since R is noetherian and I-adically complete, every finitely generated R-module, too, is Iadically complete, [13, theorem 8.7] . So to prove that the left hand map is an isomorphism, it will suffice to show that the R-module Ω In this paragraph, we show that if the F p -algebra A is finitely generated as a module over the subring A p , then the map
is surjective. We begin with some lemmas on Witt vectors and completion. Note that the definition of the ring W n (J) of Witt vectors associated with a ring J does not require that J be unital.
Lemma 2.1.1. Let S be a ring and J ⊂ S an ideal. Then W n (J) ⊂ W n (S) is an ideal and the natural projection induces an isomorphism
Proof. It is clear that W n (J) ⊂ W n (S) is an ideal and that the natural projection factors as stated. Indeed, as a set W n (A) is the n-fold product of copies of A. We show inductively that the sequence
is exact, the basic case n = 1 being trivial. It is clear that the left hand map is injective, that the right hand map is surjective, and that the composite of these maps is zero. The induction step now follows from the natural exact sequence
by a simple 3x3-lemma argument.
Lemma 2.1.2. Let S be a ring and let
where x n ∈ W n (S) is the multiplicative representative.
Proof. The inclusion on the left is trivial. To prove the right hand inclusion, we note that since
it will suffice to prove that for all y 1 , . . . , y d ∈ S,
To do this, we show by descending induction on 0 ≤ s ≤ n that
the basic case s = n being trivial. We write J = (y ) and assume the statement is true for s + 1. The elements V s (x n−s ) with x ∈ J form a set of coset representatives of V s+1 W n (J) as a subgroup of V s W n (J). Now if
This proves the induction step.
Lemma 2.1.3. Let S be a ring and J ⊂ S a finitely generated ideal. Then for all s ≥ 1, there exists r ≥ s such that
Proof. Indeed, if x 1 , . . . , x d generates J, then by lemma 2.1.2,
which proves the left hand inclusion of the statement with r = p n−1 ds. The right hand inclusion follows from the more general fact that if I, J ⊂ S are two ideals, then W n (I)W n (J) ⊂ W n (IJ).
2.2.
The de Rham-Witt pro-complex W · Ω * S is defined, for any ring S, as the universal example of an algebraic structure called a Witt functor over S, [7, §3] . Indeed, this generalizes the definition of Deligne-Illusie for F p -algebras, [11] . By definition a Witt functor over S consists of the following data:
(i) a pro-differential graded ring E * · and a map of pro-rings W · (S) → E 0 · ; (ii) a map of pro-graded rings F : E * n → E * n−1 , which extends the Frobenius F : W n (S) → W n−1 (S), and such that
for all a ∈ S;
(iii) a map of pro-graded modules over the pro-graded ring E *
A map of Witt functors is a map of pro-differential graded rings which commutes with the maps F and V . The structure map in the pro-system W · Ω * S is called the restriction and written R.
Lemma 2.2.1. Let S be a ring and J ⊂ S an ideal, and let W n Ω * (S,J) be the differential graded ideal in W n Ω * S generated by W n (J). Then the natural projection induces an isomorphism
is a Witt functor over S/J. Indeed, by definition and by lemma 2.1.1, it is a pro-differential graded ring with underlying pro-ring W · (S/J). Hence, we need only show that the operators F , R and V on
The elements of W n Ω q (S,J) are sums of elements of the form ω = a 0 da 1 . . . da q with a i ∈ W n (S), for all i, and a i ∈ W n (J), for some i. We find that
which is therefore in W n+1 Ω q (S,J) . Since the Frobenius is multiplicative,
and writing out a i ∈ W n (A) in Witt coordinates, 
relations (ii) and (iii) show that
F da i = a p−1 i,0 n−1 da i,0 n−1 + da i,1 n−1 + dV a i,2 n−2 + · · · + dV n−2 a i,n−1 1 .
It follows that
This completes the proof. Proposition 2.2.2. Let S be a ring and let J ⊂ S be a finitely generated ideal. Then for all n ≥ 1 and q ≥ 0, the natural map
Proof. It follows from lemma 2.2.1 that we have a natural exact sequence of limit systems
; we must show that the limit system on the left is Mittag-Leffler zero. This means that given s ≥ 1, we must find r > s such that the map
is zero, or equivalently, such that
Indeed, this is possible by lemma 2.1.3 since J and hence J s is finitely generated. The desired inclusion follows from the Leibniz rule.
Lemma 2.2.3. Let A be a noetherian F p -algebra and suppose that A is finitely generated as a module over A p . Then W n (A) is a noetherian Z/p n -algebra.
Proof. It is enough to show that every prime ideal of W n (A) is finitely generated, [13, theorem 3.4] . We prove this by induction on n, the basic case n = 1 being given by assumption. In the induction step, we use that V n−1 W n (A) ⊂ W n (A) is a nilpotent ideal and that the restriction map induces an isomorphism
Hence, every prime ideal p ⊂ W n (A) is of the form p = R −1 (p), for some prime idealp ⊂ W n−1 (A), or equivalently, there is an exact sequence of W n (A)-modules
Thus, it suffices to show that the right and left hand modules are finitely generated. By induction, W n−1 (A) is noetherian, and hencep is a finitely generated over W n−1 (A). This implies, since the restriction is surjective, that R * p is a finitely generated W n (A)-module. Finally, the Verschiebung gives an isomorphism of W n (A)-
and the iterated Frobenius factors as the composite
The left hand map is always finite, and the right hand map is finite by assumption. Hence V n−1 W n (A) is a finitely generated W n (A)-module.
Lemma 2.2.4. Suppose the F p -algebra A is finitely generated as an module over the subring A p . Then W n Ω q R is a finitely generated W n (R)-module. Proof. The proof is by induction on n. The basic case n = 1 was treated in the proof of proposition 1.3.5. The induction step follows from the exact sequences [7, §3] . Indeed, since A/A p is finitely generated, Ω q R is a finitely generated R-module, and F n−1 * R is a finitely generated W n (R)-module.
Proof of theorem B. Let R = A[[t]] and S = A[t]
, and let I ⊂ R and J ⊂ S be the ideals generated by t. Then in the diagram 
− → R/I
s . Hence the top horizontal map is an isomorphism. Moreover, we claim that the map
is an isomorphism. According to lemma 2.1.3 this is equivalent to the statement that the W n (R)-module W n Ω q R is W n (I)-adically complete. We know from lemma 2.2.4 that W n Ω q R is a finitely generated W n (R)-module, from lemma 2.2.3 that W n (R) is a noetherian ring, and from lemma 2.1.3 that W n (R) is W n (I)-adically complete. The claim then follows from [13, theorem 8.7] . Concluding, we have isomorphisms
, and the left hand term is the completion of the W n (S)-module W n Ω q S with respect to the topology given by the ideals W n (J s ), s ≥ 0. It is proved in [6] that every element ω (n) ∈ W n Ω q S can be written uniquely
A , and where all but finitely many a Proposition 2.2.5. Let A be a noetherian F p -algebra and suppose that A is a finitely generated A p -module. Then
is surjective.
Proof. We first reduce to the one variable case. Let R = A[[t 1 , . . . , t d ]] and let I and J be the ideals generated by t 1 , . . . , t d and by t d , respectively. Then lemma 2.2.1 and the snake lemma give rise to an exact sequence
and by induction, the endomorphism 1 − F of the right and left hand terms is surjective. For the left hand term, we use that if A is a finitely generated A pmodule, then R is a finitely generated R p -module. So suppose that R = A[[t]] and I = (t). Then W n Ω q (R,I) is given by proposition B, and in the notation used there,
and write
s,j = 0, for all n, s ∈ N and j ∈ I p . Then the geometric series
converges and defines an element ψ = (
0,i = 0, for all n, i ∈ N, and a (n) s,j = 0, for all s, n ∈ N and j ∈ I p , and define
This makes sense since, for each n ∈ N, the sum over m ∈ N is finite, and the resulting element ϕ = (ϕ (n) ) n∈N satisfies (1 − F )ϕ = ω. We note that formally,
Remark 2.2.6. It is interesting to use theorem B to evaluate the kernel of
which we compare to
We find that for all n, i ∈ N, s ∈ N 0 and j ∈ I p ,
It follows that for all j ∈ I p , there exist unique elements
A , such that for all s ∈ N 0 and all i ∈ N,
where we write
A is p n -torsion and hence has no p-divisible elements. This implies that the a j vanish, and hence the kernel of 1 − F is isomorphic to a product indexed by I p of copies of W Ω q−1
A . This group, in turn, is naturally isomorphic to the big de Rham Witt group WΩ q−1 A introduced in [8] . Hence, we can write our findings as a short exact sequence
],(t)) → 0, valid whenever A is a noetherian F p -algebra, finitely generated as a module over A p . Here the "hat" indicates p-completion and we use that the topological cyclic homology spectrum of an F p -algebra is p-complete. We recall the following result from [4] and [3] : Proof. Suppose first that A is an essentially smooth local F p -algebra. Then it was proved in [4] that K q (A) is p-torsion free and that K q (A)/p n is generated by symbols. Hence the composite The above statements are all stable under filtered colimits, and hence they remain valid for any regular local F p -algebra. Indeed, by [15] a regular local F p -algebra is a filtered colimit of essentially smooth local F p -algebras. The result follows by taking the limit over n.
Proof of theorem
Proof of theorem A. Let A be a regular local F p -algebra which is finitely generated as a module over A p . We consider the square from the introduction K(R, I) / / TC(R, I; p) holim s K(R/I s , I) / / holim s TC(R/I s , I; p).
Since R is regular, the topological cyclic group in the upper right hand corner is given by the long exact sequence and we proved in proposition 2.2.5 above that the map 1 − F is surjective. Hence theorem 3.1.1 shows that the top horizontal map in the diagram above becomes a weak equivalence upon p-completion. Moreover, propositions 1.2.2 and 1.3.5 shows that the right hand vertical map is weak equivalence. Finally, the lower horizontal map is a weak equivalence by [14] . Hence the left hand vertical map becomes a weak equivalence after p-completion. This is the statement of theorem A.
